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Abstract

Irregularity in the interspike interval is a common phenomenon especially in the neocortex. A measure of this random variation in the spacing
between neuronal spikes is usually obtained with the coefficient of variation CV (standard deviation/mean interspike interval). In excitable cells,
the standard deviation in the interspike interval can be large and the mean firing rate often fluctuates. As a result, there can be substantial variability
in the value of the CV computed for the same spike train using only slightly different samples as we show. Moreover, these CV values can be
comparatively meaningless unless certain conditions are met. In doing so some researchers have selectively sampled data over a stable mean
while others have used a wide range of trial times or subsets thereof (capture window) to compute the CV. This has made interpretation of the
raw CV cumbersome. We demonstrate that the CV has a triple sensitivity, namely, for the size of the capture window, the spike count and the
refractory period. We assuage these difficulties by introducing a modified term, the coefficient of variation proportion of maximum (CVpm) that

offers transportability across different experimental conditions by compensating for the triplet.

© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Reliable acquisition and processing of sensory informa-
tion is essential to an organism for appropriate sensory motor
behaviour. The rapid flow of information in the nervous system,
particularly over relatively long distances such as between the
eye and the brain, is believed to propagate through a series of
action potentials. As the shape of the action potential (spike)
waveform is generally regarded as irrelevant, it permits reduc-
tion of the waveform to a discrete event in time. We assume that
only the duration of the spike waveform (refractory period) sets
the theoretical upper limit on the event density within a spike
train. Three cells are shown in Fig. 1 displaying varying degrees
of irregularity easily distinguishable by the naked eye. In most
excitable cells, other than pacemaker cells, the interval between
each spike is highly variable and generally none more so than
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in neocortical cells (in monkey area V5/MT & striate cortex,
Softky and Koch, 1993; Shadlen and Newsome, 1994, 1998; in
rat sensory neocortex, Stevens and Zador, 1998; in cat area 17,
Hu et al., in preparation). At the other extreme, highly regular
activity with an occasional drop out or burst occurs in some cor-
tical cells that are less often encountered (Fig. 1C). Moreover,
lower motor neurones in the spinal cord of the cat show regular
spacing between discharges in the case of tonic muscular con-
tractions (Calvin and Stevens, 1968). Another extreme case of
spike train regularity occurs in the brainstem of certain species
of electric fish where these oscillations are used for electroloca-
tion and communication (Moortgat et al., 1998). Several factors
affect the discharge pattern of spike trains. Discharge patterns are
found to differ substantially depending on the type of neurone
and its location. Moreover, neurones are subject to neuromodu-
latory fluctuations that follow, for example the level of arousal in
the natural sleep wake cycle (Nakahama et al., 1968; Noda and
Adey, 1970) and focal attention (e.g., Vidyasagar, 1998). Spike
irregularity, its origin and implications, is still a point of fierce
conjecture. In this paper, we examine some of the constraints in
measuring the irregularity by classical methods and the rationale
and methodology for devising a new measure of irregularity.
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Nomenclature

cv coefficient of variation
CVST coefficient of variation with standard capture win-
dow and refractory period

CVpm coefficient of variation proportion of maximum

CVmax coefficient of variation maximum value for given
conditions

ISI interspike interval

Xi ith interspike interval

i ith term

k number of spikes within w

m number of ISIs

ms millisecond

r spike rate (k/t)

S second

triplet  {w, k, &}

v variance of the ISI

w capture window

Greek symbols

largest ISI within w

dummy variables

a very small time interval

any ISI term within w other than «
mean of ISI values within w
standard deviation of the ISI

sum of all ISIs within w
refractory interval

smallest ISI within w other than &
summation
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Recently, similar difficulties have been recognised (Barberini
et al., 2001) in assessing variability of neuronal responses to
repeated presentations of a stimulus, as measured by Fano fac-
tor, but similar considerations have not been given to measuring
the degree of irregularity in a spike train, as we do in this study.

We observe that any irregularity or departure in the ISI from
its mean level increases the value of the CV (defined in Section
2.1) and it is ordinarily “transportable” across systems. Unfortu-
nately, this is not always the case in biological systems where the
mean is not a “stationary” quantity and the variance is large, in
which case the CV can become meaningless. Indeed the neural
code is frequently described as a rate code where the mean is not
stationary and that must impose conditions on the use of the CV
in its raw form. As a result, in computing the CV, a number of
techniques have been used to select regions of data for matched
spike rate. Some of the procedures used included selective sam-
pling in regions of high regularity (Calvin and Stevens, 1968),
partitioning trials into matched spike rate categories or binning
ISI values (Softky and Koch, 1993), or computing the CV on suc-
cessive groups of three spikes (Holt et al., 1996) or more spikes
(Shinomoto et al., 2002). Such efforts, while purpose specific,
have rendered various CV assessments cumbersome to use for
comparative purpose. In this paper, we show that the CV exhibits
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Fig. 1. Variability in spike patterns can be seen for a complex cell in area 17
(A), a brisk sustained, or X, cell in dorsal lateral geniculate nucleus (B) and for a
rarely encountered cell in area 17 with highly regular spikes (C). The lower trace
in each panel shows the times of spike occurrences and the graph represents the
instantaneous frequency with last interval memory (see text Section 2.3). The
stimulus used was a drifting bar of optimum dimensions in A and B, for a part
of the total time period shown, whereas C shows the spontaneous firing of the
cell. The abscissa shows time in seconds (s).

a dependency not only on the refractory period but also on the
number of spikes within and the duration of the capture window.
We compute a new term, the coefficient of variation proportion
of maximum (CVpm) that is transportable and compensates for
these three dependencies. Some of our findings have already
been presented in abstract form (Hu et al., 2002; Chelvanayagam
et al., 2002a,b; O’Connor et al., 2004).

2. Methods

We first describe how the CV is obtained and then proceed
with the calculation of the maximum possible CV value for the
given conditions in order to obtain the new measure, proportion
of CV to maximum CV.

2.1. Compute the CV
For computing statistics on the ISI, the CV is defined as the

ratio of the standard deviation of the ISI values (o) to their mean
ISI value (w), that is, CVisy = o/u. Henceforth, we drop the ISI
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Fig. 2. Estimation of CV and the maximum variance. Spikes that occur within
the sampling duration of the capture window (w) are summed for successive
intervals X, that accumulate to a value T contained within w, as shown in A.
The collection of intervals are sequenced in order of decreasing size « through
to the smallest interval v, where the deviation in the « term from the mean w is
largest (o being greater than 2u) and thus contributes most to the total variance
of any interval, as shown in B and C. That in part C the « term contributes most
to the total variance is proven in Appendix A; & is the refractory period and
hence is the smallest possible ISI.

subscript but understand it is implied. For a selected duration of
sufficient length, that we call the capture window (w), a series of
IST values are sampled as shown in Fig. 2A. We show in Section
3.3 that the size of this window (w) is critical, especially where
this duration is relatively small. To begin, let there be an integer
number of spikes (k) but at least three, contained within the time
envelope, w; consequently, only m number of ISI values may
occur therein. It follows that k= (m+ 1). In computing the CV,
we first average the ISI values, that is, we obtain w over the
interval 7, a contraction of the envelope that will just contain
all (m+ 1) spikes as in the following expression for the mean.
In general, we may take the sum of all ISI values, that is, T and
approximate it as w.

1 i=m
=

It is evident that the expression for u can be reduced by setting
the sum equal to 7 and that yields the following simplification
u=1t/m. Over the duration of w, the standard deviation of the
IST sample is equal to the square root of the variance and is

described by the following expression.

N 12
o= [(m) ;(Xi " M)Z]

In turn, substitution of o and p into the defining expression
for the CV yields Eq. (1) below.

. 1/2

ev= (2) () 300 3

=

6]

Implicit in this definition of the CV is the disclosure of both
the size of the capture window and the spike count that are oth-
erwise lost in a spike rate ratio. We must also take into account
the refractory period (£) because all three terms are required to
compute the CVpm, described in the next section.

2.2. Compute the CVpm

Here we define the CVpm, a new term that represents the
CV as a proportion of the maximum CV value possible for
the given conditions. For a given triplet of capture window,
spike count and refractory period we first compute the CV in
the usual way and then reassemble the same number of spikes
into a worst case condition of irregularity to obtain the max-
imum CV possible. In the latter case, if we arrange each ISI
in descending order, from « through to the smallest interval,
Y and if for example o >2u, then by inspection it is easy
to see that the o term will produce the greatest variance and
thus contribute the most to the CV (Fig. 2B). Next, we cre-
ate one large supramean (ISI>p) term o by condensation of
the residual (m" 1) terms to their minimum value, & as shown
in Fig. 2C, where & is the refractory period. We offer a proof
in Appendix A that this maximum condition for the CV is
met. We then proceed as above by summing the deviations in
two parts, that due to « and that due to (m" 1) remaining &
terms, which yields the following expression for the variance

(v).

=m
v= <1> X"+ (X" )

n i=2
In Fig. 2C, we can see that the o term is described by
Xi=1" &(m" 1) and that the remaining terms are described
by X =& for all values of i# 2. Moreover, by substitution into
the above expression we obtain the worst case, that is, the maxi-
mum variance as a function of capture window, refractory period

and the ISI count mthat gives

v= (I/m(T" &m" D" t/mP?+ (m" DE" t/m)*]

Again, by substitution of this last expression and that for ;. = t/m
as well as k=(m+1) into the definition for the CV and rear-
ranging the terms we obtain the CVmax described by Eq. (2).
Subsequently, the proportion of the CV to the CVmax yields the
CVpm defined by Eq. (3). We note that the modulus sign can be
removed if we define CVmax on the interval where mé < t, that
is, (k" 1)¢ <t and means simply that the sum of the m inter-
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vals may not exceed w, as implied above (Fig. 2A). Here we

approximate 7 as w.
<1" <(k" 1)<$>>)‘ @
T

_ CVv
(k" 220" (k" DE/D)]

CVmax = (k" 2)!/?

CVpm

3

2.3. CV maxima and spike rate

From the CVmax versus spike rate function we can compute
the value of the spike rate at which the maximum CV value
occurs. The parametric form of Eq. (2) for the maximum CV
can be rewritten in terms of the spike rate variable r, if we let
r =k/t as follows.

CVmax(r, £, 7) = (rt" 2)!/2 (1 "t ) (f)) 4

The CVmax function described by Eq. (4) is concave down-
wards as in Fig. 3B and C, so we can obtain the maxima by
taking the partial derivative of the CVmax function with respect
to r that yields the following differential Eq. (5). As the deriva-
tive is zero at the maximum, by setting the differential equation
equal to zero and solving for r we obtain Eq. (6), the expression
for the spike rate at maximum CV for a given capture window
and refractory period.

a _ (5&+ " 3rér)

5("7 é’ T) - 2(}“[ " 2)1/2 (5)
_G&+ 1

= e (6)

Throughout this study, the spike rate is defined as the number
of spikes occurring in a 1 s interval unless otherwise indicated.
Second, the instantaneous frequency with last interval mem-
ory ((CED spike2 function) is defined as the inverse of the time
interval between successive spikes; where this value is held over
into the start of the current interval until the duration of the
prior interval is exceeded whereupon the value decays accord-
ing to 1/(time from last event). Where a spike occurs inside
the holdover period, the new value immediately jumps to the
inverse of the last interval and that new value is held over into
the following interval, etc. To characterize the nature of the
cell’s firing that is often chaotic and for convenience of universal
comparison, we define a standard capture window of 1s and a
refractory period of 1 ms for computation of the CVST (coeffi-
cient of variation with standard capture window and refractory
period).

2.4. Monte Carlo

A Monte Carlo analysis was used to confirm the maximum
CV computation. A random number generator, with a right
skewed distribution, was obtained by adapting a professionally
available uniform random number generator. The latter was con-
ditioned to produce new spike trains serially increasing in spike
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Fig. 3. Factors affecting maximum CV. Part A shows how the CV changes with
spike count for different refractory periods, for a capture window of 1 s and part
B shows how the CV varies with spike count for different values of w, given
£=1ms refractory period. Panel C shows the same relationship as in part B but
redrawn relative to spike rate rather than spike count. Note that all the curves in
part C show local maxima at 335 Hz.

count, that were right skewed, of 1s fixed length capture win-
dow, and with & of 1 ms ("MMatLab, Mathworks MA). Each
new spike train was skewed by linear compression using a ran-
dom quantity, corrected for refractory period violation and then
arandomly selected portion of the train was expanded to recover
the original 1 s duration. For each skewed synthetic spike train,
CV values were computed and plotted as a function of the spike
count. Secondly, the unconditioned uniformly distributed spike
train (generated before skewing) was similarly plotted on the
same graph for comparison.

3. Results

Our results show that where the refractory period is zero, the
maximum value of the CV monotonically increases bounded by
a square root function of the spike count over the domain of
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an infinite spike density (Eq. (2)). However, at realistic spike
densities the maximum CV value first grows with increasing
spike count and then decreases at moderate spike rates. The CV
exhibits a dependency on the capture window, which affects the
spike counts sampled, that in turn has a spike density limited
by the refractory period. The ratio referring the raw CV as a
proportion of the maximum possible CV, weakens the influence
of the triplet of dependent terms.

3.1. Spike count

Extrapolating the refractory period to zero permits infinitely
high event densities. Consequently, the distribution of spike
element spacing can occur at increasingly higher degrees of
irregularity, with the maximum CV increasing monotonically
with spike count, bounded only by (k" 2)!? factor of Eq. (2)
as seen in Fig. 3A. Curiously, as we show in Appendix A, the
maximum CV value is generated in the extreme case of regularly
arranged spikes that are maximally compact with just one large
interval (Fig. 2C). At the other end of the spectrum CV values
were minimal for both low and high spike counts. At low counts,
near the origin the CV value is predominately curtailed by the
same (K" 2)!2 factor of Eq. (2), that proportionately governs
the maximum CV value. Indeed, the trajectories arising near the
origin are remarkably similar for maximum CV value curves for
various values of refractory period and capture window (Fig. 3).
At maximal spike counts, CV maximum values were low where
the interspike intervals and the mean were forced to approach
the refractory period. With a finite refractory period we note
that for example in the case of three spikes, the maximum CV
can only approach unity, denied by the quantity (&/7) in Eq. (2).
Thus for three spikes, the CV has arange from zeroto (1" (£/7)).
Moreover, for three spikes, computation of the CV easily decom-
poses into a Michelson contrast function of the two adjacent time
intervals, specifically [(X2" X;)/(Xz + X1)| that has a range of
[0...1" (&/7)]. As the CV is only defined for three or more
spikes, i.e., two intervals, for convenience we set the CV and the
CVpm equal to " 1 where it is not valid.

3.2. Refractory period

Increasing the refractory period limits the spike packing den-
sity and thereby the spike count in any given window and that
in turn limits the maximum CV value. The family of curves
with a finite refractory period (Fig. 3A) reflects this trend and
indicates that with increasing spike count, at first the maximum
CV value grows rapidly but eventually reaches a global maxi-
mum before going into decline. Where, essentially, regularity is
imposed at higher spike counts because finite intervals must pack
more evenly in reduced space, the largest supramean intervals
of a (see Appendix A) and its successors that dominate max-
imal CV values become attenuated (Fig. 2B). For a relatively
large w of a second and for a reasonably low spike count, the
effect of a small & term of about (1 ms) on the maximum CV is
minimal. This is evident in the similar trajectories of the max-
imum value CV curves near the origin for various values of &
(Fig. 3A).

3.3. Capture window

The interval over which data is sampled for computing the CV
limits the spike count and that in turn limits the maximum CV
value. This fractal effect (Mandelbrot, 1983; Bassingthwaighte
et al.,, 1994) is shown in the family of curves in Fig. 3B. It
follows that a small capture window rejects intervals larger than
itself and second can contain fewer spikes that together result
in a lower range in CV values, whereas larger capture windows
can sample more spikes that may contain larger intervals and
thus exhibit a wider range in CV values. In general, the larger a
capture window, the larger is the range in CV values. Secondly, a
large capture window can reduce the impact of small variations
in the size of the capture window on the value of the CV.

3.4. CV maxima and spike rate

The family of curves for the CV maxima in Fig. 3B differ from
those of Fig. 3C only in that the latter was displayed as a function
of spike rate rather than spike count within the defined capture
window. We can compute the spike rate at which the maximum
CV occurs from Eq. (6) repeated here r = (5§ + t)/3£7. For a fixed
refractory period of 1 ms and a given w that we approximate
as 7, the CVmax function reaches a maximum at a spike rate
of 335 Hz beyond which the increasing spike packing density
forces greater regularity on the spike train that can eventually
reduce the CV to zero. We note that at a higher refractory period
of only 2 ms, the maximum CV occurs at 166.67 Hz. While the
ratio of the number of spikes in the capture window to its duration
specifies the spike rate, the latter can mask both the prior terms.
Thus, in comparison of CV values, it is appropriate to match for
spike rate providing w is also matched.

3.5. The CV and CVpm from cortical cells

For comparison, the values of the CV and CVpm are shown in
Fig. 4 computed for real spike trains obtained from the authors’
data set, some of which are included in the following article
(Hu et al., in preparation). For reference, the maximum allow-
able values of the CV for nil and 1 ms refractory periods are
included as the smooth curves in Fig. 4A. Consistent with the-
ory at moderately high spike rates both the CV and the CVpm
decrease, as seen for pooled data of several cortical cells (Fig. 4A
and B, shown as spike counts in a 1s capture window). This
finding may be partly attributed to a reduction in the size of
the supramean terms. At lower spike rates protracted inhibitory
intervals imposing large ISI terms can push the CV towards
higher values. Despite a decreasing trend, at high spike counts
of up to 100, CV values in the cortex reached 1.5 or more (at 1s
capture window). A value of 1.5, for the CV at high spike counts,
represents only a small proportion of the available range in the
CV (1 ms refractory period), hence the low CVpm values. There
was a high incidence of larger CVpm values at the lower spike
counts. The actual firing of a cortical cell (bottom trace), the
spike density for a 1s capture window (middle trace) and the
instantaneous frequency with last interval memory (top trace)
are shown in Fig. 4C. This firing pattern shows an intense epoch
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Fig. 4. Theoretical maximum and observed CVs and CVpms. The two smooth
curves in part A show the maximum values of the CV for zero and 1 ms refractory
periods, which are close together at low spike counts. Values of the CV are also
shown in part A for several cortical cells from the cat, pooled from various
optimal and suboptimal responses. For these same samples above, the CVpm
values are shown in part B. The value of w for all data points in both parts (A and
B) was 1 s. Itcan be seen that the general trend for both the CV and the CVpmiis to
decrease to a stable value at higher spike counts, for the latter as if enveloped by
an asymmetric funnel with the mouth arising from near the origin and nearly full
scale. Part C, the bottom trace shows the spike timings, the middle trace shows
the spike rate with a 1s smoothing time constant (see text Section 3.5) and
the top trace shows the instantaneous frequency with last interval memory (see
text Section 2.3) for a simple cell in response to a bar moving at two different
orientations (F5 and F6) and in two directions for each of these orientations.
Note that the spikes (bottom trace) tend to cluster in response to the stimulus
and when averaged over a relatively large 1 s capture window (middle trace) the
spike rate appears relatively low. Yet in the top trace, note that for brief periods,
the instantaneous spike rate can approach the upper limit set by a refractory
period and consequently force the CV and CVpm down.

of firing punctuated with silent intervals with a directional pref-
erence of backward rather than forward sweeps as identified by
the stimulus markers (F5 and F6 indicating two different orienta-
tions with forward and backward movements of the bar stimulus
for each). The overall firing rate appears reduced, middle trace
part (C), with a smoothing time constant of 1s (where each
spike is represented as a raised cosine bell with unity area below
extending half a time constant before and after the spike, T™CED
spike2 function) compared to its instantaneous rate, shown with
last interval memory (Fig. 4C); even so, the firing rate is suffi-
cient to unmask the attenuating effect of the refractory period
on the CV and CVpm. This regularizing effect on the interspike
interval is seen in Fig. 4B from 43 spikes/s or so and higher.
Generally, at increasingly higher spike rates the CVpm value
funnels asymmetrically towards a near stable level, essentially
collapsing, as theory would predict (Fig. 4B).

Analysis of the interspike interval irregularity shows large
fluctuations in the moving CV values at stimulus onset and off-
set (stepped at 0.5s) with values reaching 2.4 as seen in the
3D representation (Fig. 5) and also showing wide fluctuations
with different capture windows. While the CVpm values also
show fluctuations that follow changes in spike rate, they are
more robust than CV values and against the capture window,
they seem to be far more robust than the CV. While it is possible
to conceive of real changes in the degree of irregularity as spike
rate changes, the capture window is an arbitrary choice by the
experimenter and the dependence of the CV on this imposes a
severe restriction on the usefulness of CV. For small capture win-
dows, e.g., 0.5 s, the wide range in CVpm values indicate that the
corresponding raw CV values frequently underrepresented the
irregularity. The low CV values usually seen with small capture
windows do not take into account the fact that the theoretical
maximum for small capture windows is also low. Seen in this
context, the irregularity is comparable to that seen at higher cap-
ture windows, as indeed the CVpm shows. The spike discharge
rate is seen together with stimulus “on” marks, thick lines in
Fig. 5C.

3.6. Monte Carlo

The maximum possible CV value described by Eq. (2) was
confirmed by Monte Carlo analysis. The process used spike
trains, generated from random numbers, with each train serially
increasing in spike number with a spike interval distribution
that was right skewed (see Section 2.4). The CV was com-
puted for each spike train to “pepper” in the limiting boundaries
(Fig. 6). Spike trains required long tails in their interval his-
tograms (not shown) to reach the ceiling. The smooth ceiling
curve is defined by y= (k" 2)!2 of Eq. (2) for a zero refractory
period and contains the pepper from above. Any pepper gener-
ated from synthetic (or cortical) spike trains conformed to the
family of curves above in Fig. 3. A deliberate gap in the pepper
was introduced to highlight the extent of confinement of the CV
from the spike trains with a random but uniform interval distri-
bution. The CV value computed for such spike trains hovered
around 0.8 and contrasts with the more chaotic nature of cortical
spike intervals found in vivo. Such a restrained value in the CV
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Fig. 5. Analysis of spike train irregularity. The moving CV and CVpm (0.5 s
step), for the spike discharge of a visual cortical cell. Part A shows the effect on
the CV in 3D representation of changing the size of the capture window (0.5-3 s).
The greatest variability in the CV occurred one, at the onset and offset of the
visual stimulus (optimal drifting sine grating at preferred and near preferred
orientations) and two, for the largest window sizes. In part B, the corresponding
CVpm values reflected a similar trend but scaled by the corresponding maximum
CV. The irregularity assessed with the CVpm was not as great as it could have
been with the larger windows. Second, that the raw CV values obtained with
small capture windows, e.g., 0.5 s, frequently underrepresented the irregularity
as revealed by the larger CVpm values. Part C shows the corresponding spike
rate.

also highlights the inadequacy of using a uniformly distributed
random number set in some biological situations.

4. Discussion

Existence of variability in the interspike interval is necessary
to ascribe to a neurone the role of either processing, or conveying
information. The coefficient of variation (CV) reflects the degree
of irregularity in a spike train that to some extent can indicate the
potential for information content. While this has led many inves-
tigators to study the CV in real and simulated neuronal systems,

10
>
O

spike count

Fig. 6. Monte Carlo simulation of CV as a function of spike count. Each point
“pepper” was the CV value of a random interval spike train of “K” spikes, and
computed for unlimited spike density. The smooth “skin” of the ceiling curve
was superimposed and contains the pepper from above. Note the horizontal
band in the region of the forced gap (double arrow heads) resulted from the CV
values obtained with random spike trains produced by assembling uniformly
distributed random numbers, where the CV hovered near 0.8.

our analysis highlights some of the constraints and possibilities
of the approach. Our results show large changes in the value of
the CV for cortical neurones with wide variation in the mean
firing rate. Computations indicate that the utility of the raw CV
in assessing the comparative degree of spike train variability
becomes questionable where one, the variance in the interspike
interval approaches the mean, causing the CV to approach one
and often exceeds it and two, where the mean firing rate is
changing, both of which occur frequently. The assessment of
irregularity relies on the root mean square in the summed devi-
ation from the mean. If the mean is unstable, the value of the
CV can be compromised. Where the variance becomes large
relative to the mean, the CV becomes increasingly sensitive to
a triplet of factors namely, the capture window, the number of
spikes therein and the refractory period. This point has often
not been explicitly appreciated in studies assessing the CV and
thus transportability across different studies, or sometimes even
within a study, may be unsatisfactory without adequate infor-
mation about or differences in, the terms used in computing the
CV. The departure between the maximum CV curves (Fig. 3)
shows clearly their sensitivity to the triplet terms.

4.1. Conditioning the CV

Cortical recordings from a variety of locations and neuron
types produce varied firing patterns from the same repetitive
input stimuli. These firing patterns are usually unique sequences
and are also subject to modulation by the influence of past
experience, context and attention, etc. (Gilbert, 1997, 1998;
Vidyasagar, 1998, 1999). Evidence is accumulating that corti-
cal discharge rates may code in ways other than the mean firing
rate (e.g., Reich et al., 1998). In analyzing and comparing such
firing patterns, it is not always convenient or desirable to use
a standard capture window, because the duration of discharge
may be highly variable, as, for example in the visual system
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where the sizes of receptive fields vary considerably. Moreover,
it is not always possible to match the spike counts within such
a window for any given pair of cells where one cell may have a
rapid and sustained response and also discharge spontaneously
while the other may be less responsive and discharge only tran-
siently. Thus, capture windows are frequently dissimilar in size
and spike counts are unlikely to match, thus confounding the CV
results. We have shown in this paper the systematic relationship
between the CV and each of the three parameters. The difficulty
in tailoring these parameters to compute CV values for com-
parative purposes (transportability) is reflected in the numerous
approaches adopted by various investigators as we indicated in
Section 1.

To address these difficulties we took the actual CV, computed
for its triplet parameter set and normalized it against the maxi-
mum range of irregularity that the same set could ever produce,
by readjusting only the position of the spikes. This ratio, the
CVpm, compensates for mismatched parameters and offers a
standardized transportable measure. To calculate the maximum
possible range in the CV, it was necessary to prove that such a
condition actually existed, as we have in Appendix A. We have
quantified the extent of the range in the CV, the maximum CV
value, and the dependence of that maximum CV value on the
triplet of parameters. We have demonstrated that it is necessary
to match the capture window, the spike count and the refrac-
tory period for comparative purposes; otherwise the range in the
value of the CV would differ, affecting the scale of the compar-
ison and making it rather meaningless.

From our calculations, we have shown that the range in the
CV is dramatically affected by the number of spikes. We empha-
size here that the CVmax increases with the number of spikes
up to a global maxima (that we can compute from Eq. (6)) and
thereafter the range in CV values decline with further increases
in spike count, whereupon the interspike intervals must become
more regular to pack into the same available space of the capture
window and that forces the maximum CV back down (Fig. 3).
Secondly, our calculations show that the capture window also
dramatically affects the range for the CV. Small window sizes are
particularly restrictive limiting the range in the CV (Fig. 3). Val-
ues as small as 100 ms are sometimes used for CV computation
(Shadlen and Newsome, 1998) that can run the risk of artificially
capping the range in the CV by undersampling ISIs where used
with low regime firing rates. We highlight the benefit of a larger
capture window, in the order of a second. That is, as the larger
capture windows allow more sampled spikes, small changes in
the number of spikes sampled and small variations in the size
of the window minimally perturb the range in the CV. However,
it is often the case that large capture windows are not always
desirable as the time scale for neural processing would be much
shorter. The final term of the triplet, the refractory period, deter-
mines the spike count at which the global maximum is reached
for a given capture window (Fig. 3A). In general, the refractory
period is relatively small compared to the interspike interval,
except where a neurone fires in bursts or at high rates. Neverthe-
less, the impact of small changes in the refractory period on the
range of the CV is dramatic (Fig. 3A). From our data, assessment
of the CV, for a window of 1s and a refractory period of 1 ms

for a population of visual cortical neurons (pooled from opti-
mal and suboptimal responses, Fig. 4A) shows that CV values
decline from about 43 Hz and higher but much earlier than pre-
dicted for a 1 ms refractory period. One possibility to account for
this sustained decline in CV is that the relative refractory period
expands somewhat as cells adapt. However, it is more likely that
the higher spike counts diminish the occurrence of large inter
spike intervals that give rise to the more extreme large CV val-
ues. Indeed, consistent with the conjecture of Tuckwell (1977,
1979) we have found that high CV values are usually caused by
the long, though scant, right skewed tail of the interspike interval
histogram, indicating a few large supramean terms. However, we
emphasize here that it is mostly one or a few large intervals in
the long and scant tail together with a modest spike count that
promotes the extremely large range in CV values above unity.

4.2. The CV and neural models

The estimation of the irregularity in spike trains has been
applied most prominently in attempts to distinguish between
two opposing models about the mechanisms leading to spike
generation in cortical neurons, namely “integrate and fire” and
“coincidence detection” (Softky and Koch, 1993; Shadlen and
Newsome, 1994, 1998). According to the “integrate and fire”
model (Gerstein and Mandelbrot, 1964; Shadlen and Newsome,
1994, 1998), the neuron simply behaves as an integrator, with
a large number of randomly arriving excitatory inputs gradu-
ally ramping the membrane voltage towards spike threshold.
This however will tend to produce fairly regular spike out-
puts, reducing the spike interval irregularity and lowering the
CV to unphysiological levels (Softky and Koch, 1993) and
so, random inhibitory inputs balancing the excitation has been
invoked to account for the observed level of irregularity (Shadlen
and Newsome, 1994). However, relatively long silent intervals,
which are perhaps the most common cause of higher CV values,
need not necessarily arise through active inhibitory suppression,
but can be simply due to an absence of adequate excitation in a
cell that basically behaves as a “coincidence detector” (Stevens
and Zador, 1998). In this latter model, the necessity of incom-
ing inputs to arrive close together for them to generate spikes
leads inevitably to an irregular spike output. On the other hand,
the common finding of a CV close to one in selected neocortical
responses has been interpreted in support of the idea that cortical
firing is a completely random, Poisson process and inconsis-
tent with cortical neurones being temporal integrators (Softky
and Koch, 1993). Our simulations show that a few long silent
intervals in conjunction with a modest spike rate can promote
high CV values above unity, this is in contrast to the results of
Wilbur and Rinzel (1983) using their modification of the Stein
(1965) model. Moreover, increasing from low spike rates both
our calculations of the CV from synthetic spike trains and mea-
surements of CV values from our data set tend to increase well
above unity. We contend that the existence of high CV values
need not be an argument against neurons being temporal inte-
grators, unless more rigorous tests are applied such as in a paper
of ours in preparation that specifically manipulates the degree
of inhibition in vivo (Hu et al., in preparation).
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4.3. Bursting

Excess spikes in a burst discharge are sometimes removed
prior to calculation of the CV because of the momentary high
firing rate (Softky and Koch, 1993). We are not in accord with
the rationale to include such a burst suppression operation in
analyzing the CV, since it dismisses the possible importance
they could have on information processing and behaviour (e.g.,
Reinagel et al., 1999; Martinez-Conde et al., 2002) and also
because it is unnecessary with the use of the CVpm. Arbitrary
removal of the spikes after the first one in a burst can significantly
affect the estimation of the true chaotic nature of cell discharge.
Furthermore, when cortical cells exhibit relatively low firing
rates, burst suppression would reduce this rate even more.

4.4. Two interval CV

For three spikes we have a two interval CV largely immune to
the triplet of parameters with an upper limit bounded by approx-
imately one. Clearly, the capture window must continually adapt
at each new interval to contain only three spikes. Unfortunately,
the limited ISI sample can restrict its use. It may find utility in the
study of spike bursts or pacemaker cells and possibly in multi
neurone studies like the two interval precise firing pattern in
premotor and prefrontal cortex (Prut et al., 1998) where the CV
value of three spikes is a time interval contrast (Section 3.1) and
that is relatively insensitive to rate modulation. However, Holt
et al. (1996) have analysed the comparative discharge charac-
teristics of visual cortical cells in vivo and in slice preparations
where they averaged thg two interval CV over the duration of
interest incorporating a 2 adjustment factor.

4.5. Practical advantage of the CVpm over CV

Finally, let us consider an example that shows how the CVpm
can be exploited. In the special case of a Poisson spike train, the
mean firing rate is stable, and the CV is near one. We can take
a similar but faster random renewal process producing a sec-
ond Poisson spike train, the mean firing rate is higher and stable
and again the CV is near one. In comparing them, the CVpm
tell us that the faster train is relatively more regular than the
first. This occurs because the faster train has more spikes and
thus possesses a greater capacity for random order, but does
not avail itself of this, as its CV is only one. The CV alone
does not distinguish between these two trains, but its partner
the CVpm does. With the enormous degree of interconnec-
tivity and much input synchrony shown in both external and
internal inputs, cortical spike events are anything but Poisson
and we need means of distinguishing between apparently Pois-
son processes, not discarding the convenience of mathematical
necessity. This argument generalizes to all spike trains, whether
they are Poisson or not.

5. Conclusions

The degree of irregularity in the spike train is assessed fre-
quently by estimating the coefficient of variation of the interspike

intervals. We demonstrate that the raw CV is useful in such a
task where comparisons are attempted within a common context
of the appropriate dependencies, namely the size of the capture
window, the spike count therein and the refractory period. We
have now developed a new measure, the CVpm, that removes
the sensitivity to these dependencies and broadens the context in
which measurements of irregularity can be legitimately applied.

Acknowledgements

This project was supported by a grant from the Australian
Research Council. We also thank Dr. Daping Hu for assistance
in obtaining some of the supporting data.

Appendix A

We show that the maximum possible CV value (for a given
duration w, spike count K and refractory period &) is described
by Eq. (2) above and its proof is given here. The value of 7 is
less than or equal to w as noted above since the window may
not begin and end on a spike (Fig. 2).

CVmax = (k" 2)'/? <1" <(k" 1)<§)>)

If we assemble all mnumber of ISIs in our sample in decreas-
ing order, e.g., @ through to the smallest interval v and that
this order is not disturbed by “the operation” of removing the
small positive quantity ¢ from i while adding it to «, then all
we need to show is that the variance increases with the oper-
ation and that this is representative of the general case for the
operation on any ISI term ¢ paired with o where (o> ) and
o> (p+e¢e) where p is the mean ISI. Naturally, the term paired
with o must differ from it by at least . We note that the operation
does not affect either the mean or that portion of the variance
contributed by all residual terms (that is, those other than o
and ¢) and thus we need consider only the two intervals of
o and ¢.

Proof. Firstleta=(8+ ) and let p=(n+¢).

Considering these two components; the variance before the
operation is given by [82 +(n+¢" 1)?] and that after the oper-
ation by (8 + e2+(n" .

After simplifying, the variance is greater following the oper-
ation as shown in the inequality (8 + ) > n that can be rewritten
as (a+¢)>o.

Thus providing the inequality above holds, the computed
variance is larger after the operation and is so in every case
for (> ¢ > ¢). It follows that as the variance increases with this
operation so must the value of the CV, since the mean value
of the ISI does not change. The logical extension of this argu-
ment to maximise the CV is to repeat the operation so as to
reduce each ISI term ¢ to a minimum value, which becomes the
refractory period, £ and to maximise a single « term as shown
in (Fig. 2). It is from this worst case condition of maximal irreg-
ularity that the CVmax is computed. We note that it is equally
valid to remove some quantity from each of a number of smaller
terms to increase « in one process. While this multi term proce-
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dure returns essentially a similar result, it is more cumbersome
than the single step iterative procedure outlined above.
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